It is shown that, for isolated many-electron Coulomb systems with Coulombic external potentials, the usual reductio ad absurdum proof of the Hohenberg-Kohn theorem is unsatisfactory since the to-be-refuted assumption made about the one-electron densities and the assumption about the external potentials are not compatible with the Kato cusp condition. The theorem is, however, provable by more sophisticated means and it is shown here that the Kato cusp condition actually leads to a satisfactory proof.
Introduction
The Hohenberg-Kohn theorem [1] underlies the foundation of the density functional theory [2] and since 1964 when it was formulated and proved by reductio ad absurdum, it has significantly influenced the state of art of quantum theory of atoms, molecules, clusters, and solids.
The aim of the present work is an attempt to rethink and reanalyze the original proof by reductio ad absurdum of the Hohenberg-Kohn theorem. It is shown here that, although the result is a generally correct one, the original proof cannot be maintained when the external potential is of Coulomb form because it implies that the supposed wave functions must violate the Kato electron-nuclear cusp conditions. However, more sophisticated proofs can be adduced, in particular directly from the Kato theorem, which avoid this problem.
General Part
On p. B864 of their work [1] , Hohenberg and Kohn state that they "... develop an exact formal variational principle for the ground-state energy, in which the density" ρ(r) (in a widely accepted notation) "is the variable function. Into this principle enters a universal functional" F [ρ(r)], "which applies to all electronic systems in their ground state no matter what the external potential is." Following Hohenberg and Kohn [1] , let us consider "a collection of an arbitrary number of electrons, enclosed in a large box and moving under the influence of an external potential v(r)" where r ∈ ℜ 3 "and mutual Coulomb repulsion." The Hamiltonian H N v of a given N-electron system casts as
where T N e is the kinetic energy operator of N electrons, V N ee is the corresponding inter-electronic Coulomb operator, and
is the total external potential. Hohenberg and Kohn [1] 
then define the corresponding ground-state one-electron density [3]
where 
as the domain of external potentials [4, 5] (see precisely Eq.
(2.4) in Ref. [6] 
The mapping C N in (4) is defined as that from (29) in Ref. [5] ).
Hohenberg-Kohn theorem [1] : "v (r) is a unique functional" of ρ(r), "apart from a trivial additive constant."
Proof (p. B865, Ref. [1] ): "The proof proceeds by reductio ad absurdum." We assume the existence of two "external" potentials v 1 (r) and v 2 (r) such that
Via Eqs. (2) and (1), v 1 (r) and v 2 (r) define the Hamiltonians H o (r). Hohenberg and Kohn [1] finally assume that
Applying the Rayleigh-Ritz variational principle, one obtains
and
where the used formulas are indicated above the signs.
Hohenberg and Kohn then conclude (p. B865, Ref. [1] ) that adding (6) to (7) "leads to the inconsistency"
and therefore, (8) implies that the assumption (ii) fails. "Thus v(r) is (to within a constant) a unique functional of" ρ(r), "since, in turn, v(r) fixes" H N v "we see that the full many-particle ground state is unique functional of" ρ(r). Q. E. D.
Examine Eq. (8) . It is obviously self-contradictory. (8) is deduced under the assumption that (5) is true together with the to-be-refuted assumptions (i) and (ii), both composing the negation of the statement of the Hohenberg-Kohn theorem. (8) then appears to be absurd in a sense of being obviously false and therefore the statement of the Hohenberg-Kohn theorem is correct. Logically speaking, the fact that Eq. (8) looks absurd implies that, first, one of the to-be-refuted assumptions, (i) or (ii), or simultaneously both, (i) and (ii), lead to the contradiction with (5) or, second, they are a priori invalid in a sense that one of them or both are somehow incompatible with (5) . In the latter case, the statement of the Hohenberg-Kohn theorem is invalid unless it is proved in the other way. Note also that (i) and (ii) are obviously inconsistent for N = 1 and for the two-electron noninteracting systems. Explicitly, after deriving (8) , one has to consider the following cases:
if V conclude that (9) contradicts to (5) . However, there is no "inconsistency" because the last terms in the last lines of Eqs. (6) and (7) simply vanish.
o and ρ
o . This case precisely lies in the line of the original arguments by Hohenberg and Kohn [1] proving thus that different external potentials determine different ground-state oneelectron densities.
o . These two relations contradict to each other due to (3).
(IV) A self-contradiction (ad absurdum) of Eq. (8) (5) is incompatible with the ad absurdum assumption (ii) due to the validity of the Kato theorem for such systems [6] . A similar statement is valid with regard to the proof by reductio ad absurdum of the invertibility of the mapping D N in Ref. [5] .
Let us recall that the Kato theorem [6] (see also Refs. [7, 3] ) determines the character of the singularity of the exact N-electron eigenwavefunction of H N v at the electron-nucleus coalescences where the Coulombic external potential v(r) (see Eq.
(2.2) and the conditions i) and ii) on p. 154 and Theorem I on p. 156 of Ref. [6] ),
(in atomic units) is singular. In Eq. (10), the αth nucleus with the nuclear charge Z α is placed at R α ∈ ℜ 3 . Any N-electron eigenwave function Ψ of H N v with v(r) of the form (10) and its one-electron density ρ Ψ then satisfy the electron-nucleus cusp conditions
where the superscript 'av' means the average of Ψ over an infinitesimally small sphere centered at r i and that of ρ Ψ at r, and where i = 1, 2, ..., N in the former relationship.
Therefore, the true one-electron density of the given N-electron system, moving in the Coulombic field of point nuclei, exhibits cusps (local maxima) at the positions of the nuclei. Assuming that the ground-state one-electron density ρ o (r) is given and analyzing its topology over the whole coordinate space ℜ 3 , one locates the positions of its cusps and evaluates there the lhs of the last equation (11) . Altogether, the positions of the electron-nucleus cusps (as being always negative that follows from Eq. (11)) and the halves of the radial logarithmic derivatives of ρ av o (r), taken with the opposite sign at these points, fully determine the Coulombic external potential v(r), Eq. (10), of the given system. That is, ρ o (r) uniquely determines the external Coulombic potential v(r).
Such interpretation of the Hohenberg-Kohn theorem for Coulombic external potentials
was originally proposed by Coleman [8] , Bamzai and Deb [9] , Smith [10] , and E. Bright
Wilson (quoted by Löwdin [11] ). Also, this naturally proves an invertibility of the Vice versa, the nuclei of the given N-electron system are isolated 3D point attractors behaving topologically as critical points of rank three and signature minus three [12] .
However, there exist some "specific" many-electron systems whose ground-state one-electron densities have local maxima at non-nuclear positions [13] . These local nonnuclear maxima might be the true ones or appear as a consequence of an incomplete, inadequate quantum mechanical treatment. Therefore, despite the present conclusion that in the original proof by reductio ad absurdum of the Hohenberg-Kohn theorem, one of its to-be-refuted assumption (ii) is incompatible, by virtue of the Kato theorem, with the assumption (5) 2 , the Kato theorem itself guarantees the existence of the oneto-one correspondence between the Coulomb class of external potentials (10) and the ground-state one-electron densities for nearly all many-electron except probably those "specific" ones. However, local non-nuclear maxima of the ground-state one-electron densities of these "specific" many-electron systems can be easily excluded since, first, they are not cusps at all and second, they disappear under some changes (i. e., bond lengthening) of the nuclear skeleton [13] .
Summarizing, the Kato theorem implicitly contains the proof of the HohenbergKohn theorem for N-electron systems with the Coulomb class of external potentials and assures an invertibility of the one-to-one mapping D N C N between the Coulombic external potentials and thus between many-electron Hamiltonian H N v and the corresponding nondegenerate ground-state one-electron densities (see also Ref. [5] ). Obviously, due to its original formulation [6] , the Kato theorem cannot be used for other types of external potentials (that is why the present treatment is only confined to the Coulombic ones of the type (10)) although it might be generalized to include the subclass of the singular ones, like, for example, a Yukawa potential that results in nonvanishing cusps (see p. 156 of Ref. [6] for the definition of the class of generalized Coulomb potentials).
According to the work [1] of Hohenberg and Kohn, the Hohenberg-Kohn theorem implies the existence of the universal energy density functional for any isolated many-electron Coulomb system. This statement has been usually interpreted as the second Hohenberg-Kohn theorem [2] . In the density functional theory, there exist two rigorous constructions of the universal energy density functionals based on their own rigorous proofs of the Hohenberg-Kohn theorem. This is the Levy-Lieb energy density functional [15, 4] 
